
Semi-regular Sets of Matrices and ApplicationsXian-Mo ZhangDepartment of Computer ScienceThe University of WollongongWollongongNSW 2500, AUSTRALIAAbstractThe concept of semi-regular sets of matrices was introducted byJ. Seberry in \ A new construction for Williamson-type matrices ",Graphs and Combinatorics, 2(1986), 81-87.A regular s-set of matrices of order m. was �rst discovered by J. Se-berry and A. L. Whiteman in \New Hadamardmatrices and conferencematrices obtained viaMathon's construction", Graphs and Combinatorics,4(1988), 355-377. X. M. Zhang studied the product of these matricesand their applications in \ Regular sets of matrices and applications "(to appear). In this paper, we prove that(i) if there exist a semi-regular s-set of order m and a semi-regulart-set of order n then there exists a semi-regular s-set of order mnwhen t = sm,(ii) if there exist Williamson type matrices of order n and a semi-regular s(= 2n)-set of matrices of orderm then there exist Williamsontype matrices of order nm,(iii) if there exists a complex Hadamard matrix of order 2c and asemi-regular s(= 2c)-set of matrices of order m then there existsa complex Hadamard matrix of order 2cm.Williamson type matrices X1;X2; X3;X4 will be called nice ifX1XT2 +X3XT4 = 0, perfect if X1XT2 + X3XT4 = X1XT4 + X2XT3 = 0, specialif X1XT2 +X3XT4 = X1XT3 +X2XT4 = X1XT4 +X2XT3 = 0. We provethat(iv) if there exist nice Williamson type matrices of order n and mthen there exist Williamson type matrices of order nm,(v) if there exist nice Williamson type matrices of order n and specialWilliamson matrices of order m then there exist nice Williamsontype matrices of order nm,(vi) if there exist special Williamson type matrices of order n and mthen there exist special Williamson type matrices of order nm,(vii) if there exist nice (perfect) Williamson type matrices of order n,where n is odd and 2n� 1 is a prime power then there exist nice(perfect) Williamson matrices of order n(2n� 1)2.1



Let A1, A2, A3, A4 be type 1 (1 , -1)-matrices of order n will be calledtight Williamson-like matrices if P4j=1AjATj = 4nIn and A1AT2 +A2AT1 + A3AT4 +A4AT3 = 0. We prove(viii) if there exist tight Williamson-like matrices of order n and T-matrices of order t then there exists an Hadamard matrix of order4tn,(ix) there exist two disjoint W (2n; n) if there exist tight Williamson-like matrices of order n,(x) if there exist tight Williamson-like matrices of order n and spe-cial Williamson type matrices of order m then there exist tightWilliamson-like matrices of order nm,(xi) if there exist tight Williamson-like matrices of order n (odd) and2n � 1 is a prime power then there exist tight Williamson-likematrices of order n(2n� 1)2,(xii) if there exist tight Williamson-like matrices of order n and 4n�1is a prime power then there exist tight Williamson-like matricesof order n(4n� 1)2.1 Introduction and Basic De�nitionsDe�nition 1 Suppose Q1; : : : ;Q2s are (1;�1) matrices of order m satisfy-ing QiQTj = J; i� j 6= 0; �s; i; j 2 f1; : : : ; 2sg; (1)QiQTi+s = Qi+sQTi ; i; j 2 f1; : : : ; 2sg; (2)2sXi=1QiQTi = 2smIm: (3)Call fQ1; : : : ; Q2sg a semi-regular s-set of matrices of order m.De�nition 2 Suppose A1; : : : ;As are (1;�1) matrices of orderm satisfyingAiAj = J; i; j 2 f1; : : : ; sg; (4)ATi Aj = ATj Ai = J; i 6= j; i; j 2 f1; : : : ; sg; (5)sXi=1(AiATi +ATi Ai) = 2smIm: (6)Call fA1; : : : ;Asg a regular s-set of matrices of order m if (10), (11), (12)are satis�ed (see [?], [8]). 2



Regular sets of matrices are special case of semi-regular sets of matrices.To show this, suppose fA1; : : : ;Asg is a regular s-set of matrices and setQj = Aj , Qj+s = ATj , j = 1; : : : ; s. Hence fQ1; : : : ;Q2sg is a semi-regulars-set of matrices. J. Seberry [7] gave semi-regular 12(q + 1)-set of matricesof order q2, say S1; : : : ; Sq+1, satisfying QiQTj = QjQTi = Jq2 , i 6= j, whereq � 3(mod 4), a prime power and (p+1)-set of matrices of order p2, forp � 1(mod 4), a prime power. J. Seberry and A. L. Whiteman [8] provedthat if q � 3 (mod 4) is a prime power there exists a regular 12(q + 1)-set of regular matrices of order q2, say Ai, i = 1; : : : ; 12(q + 1) satisfyingAiJ = JAi = qJ . Semi-regular sets of matrices are not as convenient asregular sets of matrices because of the equality QiQTi+s = J and the non-commutativity of semi-regular s-sets of matrices.De�nition 3 Four (1;�1) matrices X1;X2;X3;X4 of order n satisfyingX1XT1 +X2XT2 +X3XT3 +X4XT4 = 4nInand UV T = V UT ;where U;V 2 fX1; X2;X3; X4g will be called Williamson type matrices oforder n [?]. Circulant and symmetric Williamson matrices will be calledWilliamson matrices.Williamson andWilliamson type matrices are discussed extensively by Baumert,Miyamoto, Seberry, Whiteman, Yamada and Yamamoto ( [?], [1], [20], [21],[7], [12], [6], [14], [15], [5], [19], [9]).De�nition 4 Williamson type matrices (Williamson matrices)X1;X2;X3;X4will be called nice if X1XT2 + X3XT4 = 0, perfect if X1XT2 + X3XT4 =X1XT4 + X2XT3 = 0, special if X1XT2 + X3XT4 = X1XT3 + X2XT4 =X1XT4 +X2XT3 = 0.The concept of special Williamson matrices was introduced by Turyn [11],who found special Williamson matrices of order 9j , for j a non-negativeinteger. Recently Xia [?] gave special Williamson type matrices of orderN = 9iQtj=1 q4rjj , where qj � 3(mod 4), is a prime power, i; rj are non-negative integers [?].De�nition 5 Type 1 (1, -1) matrices of order n A1, A2, A3, A4 will becalled tight Williamson-like matrices if P4j=1AjATj = 4nIn and A1AT2 +A2AT1 +A3AT4 +A4AT3 = 0.De�nition 6 Let C be a (1;�1; i;�i) matrix of order c satisfying CC� =cIc, where C� is the Hermitian onjugate of C. We call C a complexHadamard matrix of order c. 3



From [13], any complex Hadamard matrix has order 1 or order divisible by2. Let C = X + iY , where X;Y consist of 1;�1; 0 and X ^ Y = 0 where ^is the Hadamard product. Clearly, if C is a complex Hadamard matrix thenXXT + Y Y T = cIc; XY T = Y XT .De�nition 7 Four type 1 (1 , -1)-matrices, say T1, T2, T3, T4 of order twill be called T-matrices if Ti ^ Tj = 0 for i 6= j, where ^ is the Hadamardproduct, and P4j=1 TjTTj = tIt.Notation 1 For convenience, in this paper we write N = 9iQtj=1 q4rjj ,where qj � 3(mod 4) is a prime power, i; rj are non-negative integers.Let M = (Mij) and N = (Ngh) be orthogonal matrices with t2 block M-structure (see [9]) of order tm and tn respectively, where Mij is of order m(i; j = 1; : : : ; t) and Ngh is of order n (i; j = 1; 2; : : : ; t). We now de�ne thethe operation  as the following:M N = 26664 L11 L12 � � � L1tL21 L22 � � � L2t� � �Lt1 Lt2 � � � Ltt 37775where Mij , Nij and Lij are of order of m;n and mn, respectively andLij =Mi1 �N1j +Mi2 �N2j + � � �+Mit �Ntj ;where � is Kronecker product, i; j = 1; 2; : : : ; t: We call this the strongKronecker multiplication of two matrices (see [?]).2 Existence of Semi-Regular Sets of MatricesThe following results are known:Theorem 1 Let both p � 1(mod 4) and q � 3(mod 4) be prime powers.Then(i) there exists a semi-regular (p+1)-set of matrices of order p2 (J. Seberry[7]),(ii) there exists a semi-regular 12(q + 1)-set of matrices of order q2, sayS1; : : : ; Sq+1, satisfying SiSTj = J , i 6= j, i; j = 1; : : : ; q+1 (J. Seberry[7], here we have changed the subscripts j to j + 1),(iii) there exists a regular 12(q + 1)-set of matrices of order q2 (J. Seberryand A. L. Whiteman [8]). 4



Theorem 2 If there exist a semi-regular s-set of matrices of order m anda semi-regular t(= sm)-set of matrices of order n then there exists a semi-regular s-set of matrices of order mn.Proof. Let fA1 = (a1ij), A2 = (a2ij); : : : ; A2s = (a2sij )g be the semi-regulars-set of matrices of order m and f B1, B2, : : : , B2t g be the semi-regulart-set of matrices of order of n.De�ne Ci = (cikj) = (aikjB(i�1)m+j+k�1)), i = 1; : : : ; 2s so thatCi = 266664 ai11B(i�1)m+1 ai12B(i�1)m+2 � � � ai1mBimai21B(i�1)m+2 ai22B(i�1)m+3 � � � ai2mB(i�1)m+1...aim1Bim aim2B(i�1)m+1 � � � aimmBim�1 377775 :For any i; j, i � j 6= 0; �s, there exist no Bu; Bv such that u � v = �t,Bu in Ci, Bv in Cj . Thus CiCj = Jm � Jn = Jmn; for i; j, i � j 6= 0; �s.On the other hand, for a �xed i, write CiCTi+s = (Duv), where Duv is oforder n, u; v = 1; : : : ;m. Obviously, Duv = Jn, for u 6= v. Note Duu =Pmk=1 aiukai+svk B(i�1)m+kBT(i+s�1)m+k : Since BkBTk+s = Bk+sBTk , DTuu = Duu.Thus CiCTi+s is symmetric i.e. CiCTi+s = Ci+sCTi .To show 2sXi=1CiCTi = 2smnImn; (7)note that (aikj)2 = 1 so the diagonal element of CiCTi isPmj=1B(i�1)m+jBT(i�1)m+jand hence the diagonal element of P2si=1 CiCTi is2smXj=1BjBTj = 2tXj=1BjBTj = 2tnIn = 2smnIn:The o�-diagonal elements of CiCTi are given bymXj=1(aihjaikjB(i�1)m+j+h�1BT(i�1)m+j+k�1); h 6= k= mXj=1 aihjaikjJ:So the o�-diagonal element of Psi=1 CiCTi is zero, usingsXi=1 mXj=1 aihjaikjJ = 0: 25



Corollary 1 Let both p � 1(mod 4) and q � 3(mod 4) be prime powers.(i) if (p+1)p2�1 is a prime power then there exists a semi-regular (p+1)-set of matrices of p2((p+ 1)p2 � 1)2,(ii) if 2(p + 1)p2 � 1 is a prime power then there exists a semi-regular(p+1)-set of matrices of p2(2(p+ 1)p2 � 1)2,(iii) if (q+1)q2�1 is a prime power then there exists a regular 12(q+1)-setof matrices of q2((q + 1)q2 � 1)2,(iv) if 12(q + 1)q2 � 1 is a prime power then there exists a semi-regular12(q + 1) -set of matrices of q2(12(q + 1)q2 � 1)2.Proof. (i) By Theorem 1 there exists a semi-regular (p+1)-set of matricesof order p2. Since (p + 1)p2 � 1 � 1(mod 4), by Theorem 1, there exists asemi-regular (p+1)p2-set of matrices of ((p+ 1)p2� 1)2. Using Theorem 2,there exists a (p+1)-set of matrices of p2((p+ 1)p2 � 1)2.(ii) By Theorem 1 there exists a semi-regular (p+1)-set of matrices of orderp2. Since 2(p + 1)p2 � 1 � 3(mod 4), By Theorem 1 there exists a semi-regular (p+1)p2-set of matrices of (2(p+1)p2�1)2. Using Theorem 2, thereexists a (p+1)-set of matrices of p2(2(p+ 1)p2 � 1)2.(iii) This is Corollary 2, [?].(iv) By Theorem 1 there exists a semi-regular 12(q+1)-set of matrices of orderq2. Case 1, q � 3(mod 8). Then 12(q + 1)q2 � 1 � 1(mod 4). By Theorem 1there exists a semi-regular 12(q + 1)q2-set of (12(q + 1)q2 � 1)2. By Theorem2 there exists a semi-regular 12(q + 1)-set of matrices of q2(12(q + 1)q2 � 1)2.Case 2, q � 7(mod 8). This is Corollary 5 [?], we still have a semi-regular12(q + 1)-set of matrices of q2(12(q + 1)q2 � 1)2. 23 Williamson TypeMatrices and ComplexHadamardMatricesWe �nd new constructions for Williamson type matrices not given by Miyamoto[5] or Seberry and Yamada [?], [9]. This theorem di�ers from that of Se-berry [7] as it does not need regular sets of regular matrices.Theorem 3 If there exist Williamson type matrices of order n and a semi-regular s(= 2n)-set of matrices of order m then there exist Williamson typematrices of order nm.Proof. Let A = (aij), B = (bij), C = (cij), D = (dij) be the Williamsontype matrices of order n and R1; : : : ; R2s be the semi-regular s-set of matrices6



of order m. Set E = (aijRj+i�1), F = (bijRn+j+i�1), G = (cijR2n+j+i�1),H = (dijR3n+j+i�1), where i; j = 1; : : : ; n and the subscripts j + i � 1 arereduced modulo n. By the same reasoning as in the proof for Theorem 4[7], E;F;G;H are Williamson type matrices of order nm. 2Corollary 2 If n is the odd order of Williamson type matrices and 2n�1 isa prime power then there exist Williamson type matrices of order n(2n�1)2.Proof. Since n is odd, 2n�1 � 1(mod 4). By Theorem 1 there exists a semi-regular 2n-set of matrices of (2n� 1)2. By Theorem 3 we have Williamsontype matrices of order n(2n� 1)2. 2Corollary 3 (i) There exist Williamson type matrices of order 9k(2 �9k�1)2 if 2 � 9k � 1 is a prime power, where k is a non-negative interger,(ii) there exist Williamson type matrices of order 7 � 3k(14 � 3k � 1)2 if14 � 3k � 1 is a prime power, where k is a non-negative interger.Proof. From the Index of [?], there exist Williamson type matrices oforder of 9k and 7 � 3k, where k = 0; 1; : : : : Using Corollary 2, the corollary isestablished. 2Theorem 4 If there exist a complex Hadamard matrix of order 2c and asemi-regular s(= 2c)-set of matrices of order m then there exists a complexHadamard matrix of order 2cm.Proof. Let f A1; : : : ;A2s g be the semi-regular s(= 2c)-set of matrices oforderm and C = X+iY be the complex Hadamard matrix of order 2c, whereboth X and Y are (1;�1) matrices satisfying X ^ Y = 0, XXT + Y Y T =2cI2c, XY T = Y XT . Let P = X + Y and Q = X � Y . Then both P andQ are (1;�1) matrices of order 2c and PP T + QQT = 4cI2c, PQT = QPT .Let P = (pij) and Q = (qij), i; j = 1; : : : ; 2c. Set E = (pijAi+j�1) andF = (qijAs+i+j�1), where i; j = 1; : : : ; s and the subscripts i + j � 1 arereduced modulo s, 1; : : : ; s = 2c. Clearly, both E and F are (1;�1) matricesof order 2cm, since both P and Q are (1;�1) matrices of order 2c. We nowprove EET +FFT = 4cmI2cm. Write E = 266664 E1E2...En 377775 and F = 266664 F1F2...Fn 377775 ; whereEi and Fi are matrices of order m� sm. NoteEiETi + FiF Ti = sXj=1(pijpijAi+j�1ATi+j�1 + qijqijAs+i+j�1ATs+i+j�1)7



= sXj=1(AjATj + AjATj ) = 2sXj=1AjATj = 2smIm:On the other hand, if i 6= k,EiETk + FiFTk = sXj=1(pijpkjAi+j�1ATk+j�1 + qijqkjAs+i+j�1ATs+k+j�1)= sXj=1(pijpkj + qijqkj)Jm = 0:Thus EET + FF T = 2smIsm = 4cmI2cm:We now prove EFT = FET . Write EFT = (Dij), where Dij is of orderm, i; j = 1; : : : ; 2c. Note Dij = P2ck=1 pikqjkAi+k�1ATs+j+k�1. For i 6= j,Dij = P2ck=1 pikqjkJm. Since PQT = QPT , DTij = Dji, i 6= j. Note Dii =P2ck=1 pikqikAi+k�1ATs+i+k�1 . From (8), De�nition 1, DTii = Dii: Thus EF Tis symmetric i.e. EFT = FET . Finally, Set U = 12(E + F ) and V =12(E � F ). Note both E and F are (1;�1) matrices of order 2cm thenboth U and V are (1;�1; 0) matrices of order 2cm satisfying U ^ V = 0,UUT + V V T = 12(EET + FFT ) = 2cmI2cm. Since EF T = FET , UV T =V UT . Thus U + iV is a complex Hadamard matrix of order 2cm. 2Corollary 4 If both p � 1 (mod 4) and pj(p+1)� 1 are prime powers thenthere exists a complex Hadamard matrix of order pj(p+ 1)(pj(p+ 1)� 1)2,where j is a positive integer.Proof. Obviously, pj(p+ 1)� 1 � 1 (mod 4). By Theorem 1 there exists aregular pj(p + 1)-set of matrices of order (pj(p + 1)� 1)2. From Corollary18, [4], there exists a complex Hadamard matrix of order pj(p+ 1). UsingTheorem 3, we have a pj(p+ 1)(pj(p+ 1)� 1)2. 24 Product and New Construction of Williamsontype Matrices with Additional PropertiesPart (iii) of the next theorem was known to Turyn [11] but we put here forcompleteness.Theorem 5 (i) If there exist nice Williamson type matrices of order nand m then there exist Williamson type matrices of order nm,8



(ii) if there exist nice Williamson type matrices of order n and specialWilliamson matrices of order m then there exist nice Williamson typematrices of order nm,(iii) if there exist special Williamson type matrices of order n and m thenthere exist special Williamson type matrices of order nm.Proof. Let X1;X2;X3;X4 be nice Williamson type matrices of order n andY1; Y2; Y3; Y4 be nice Williamson type matrices of order m. SetZ1 = 12(X1+X2)�Y1+12(X1�X2)�Y2; Z2 = 12(X1+X2)�Y3+12(X1�X2)�Y4;Z3 = 12(X3+X4)�Y1+12(X3�X4)�Y2; Z4 = 12(X3+X4)�Y3+12(X3�X4)�Y4:Then Z1, Z2, Z3, Z4 are (1;�1) matrices of order nm. NoteZ1ZT1 = 14(X1 +X2)(X1 +X2)T � Y1Y T1 + 14(X1 �X2)(X1 �X2)T � Y2Y T2+ 12(X1 +X2)(X1 �X2)T � Y1Y T2 ;Z2ZT2 = 14(X1 +X2)(X1 +X2)T � Y3Y T3 + 14(X1 �X2)(X1 �X2)T � Y4Y T4+ 12(X1 +X2)(X1 �X2)T � Y3Y T4 ;Z3ZT3 = 14(X3 +X4)(X3 +X4)T � Y1Y T1 + 14(X3 �X4)(X3 �X4)T � Y2Y T2+ 12(X3 +X4)(X3 �X4)T � Y1Y T2 ;Z4ZT4 = 14(X3 +X4)(X3 +X4)T � Y3Y T3 + 14(X3 �X4)(X3 �X4)T � Y4Y T4+ 12(X3 +X4)(X3 �X4)T � Y3Y T4 :It is easy to check thatZ1ZT1 + Z2ZT2 + Z3ZT3 + Z4ZT4= 14(X1XT1 +X2XT2 +X3XT3 +X4XT4 )�(Y1Y T1 +Y2Y T2 +Y3Y T3 +Y4Y T4 ) = 4nmInm:Obviously, ZiZTj = ZjZTi , for i; j = 1; 2; 3; 4. Thus, Z1; Z2; Z3; Z4 areWilliamson type matrices of order nm.In particular, let X1;X2;X3;X4 be nice Williamson type matrices of ordern and Y1; Y2; Y3; Y4 be special Williamson type matrices of order m. NoteZ1ZT2 = 14(X1 +X2)(X1+X2)T � Y1Y T3 + 14(X1�X2)(X1�X2)T � Y2Y T4+14(X1 +X2)(X1 �X2)T � Y1Y T4 + 14(X1 �X2)(X1 +X2)T � Y2Y T3 ;9



where(X1 +X2)(X1 �X2)T � Y1Y T4 + (X1 �X2)(X1 +X2)T � Y2Y T3= (X1XT1 �X2XT2 )� (Y1Y T4 + Y2Y T3 ) = 0:ThenZ1ZT2 = 14(X1+X2)(X1+X2)T � Y1Y T3 + 14(X1�X2)(X1�X2)T � Y2Y T4 :Similarly,Z3ZT4 = 14(X3+X4)(X3+X4)T � Y1Y T3 + 14(X3�X4)(X3�X4)T � Y2Y T4 :HenceZ1ZT2 +Z3ZT4 = 14(X1XT1 +X2XT2 +X3XT3 +X4XT4 )� (Y1Y T3 +Y2Y T4 ) = 0:We have now proved Z1; Z2; Z3; Z4 are nice Williamson type matrices of or-der nm.Further suppose X1;X2;X3; X4 are special Williamson type matrices of or-der n and Y1; Y2; Y3; Y4 are special Williamson type matrices of order m.Z1ZT3 = 14(X1 +X2)(X3+X4)T � Y1Y T1 + 14(X1�X2)(X3�X4)T � Y2Y T2+14(X1 +X2)(X3 �X4)T � Y1Y T2 + 14(X1 �X2)(X3 +X4)T � Y2Y T1 :Note (X1 +X2)(X3 +X4)T = (X1 �X2)(X3�X4)T = 0;thenZ1ZT3 = 14(X1+X2)(X3�X4)T � Y1Y T2 + 14(X1�X2)(X3+X4)T � Y2Y T1 :Similarly,Z2ZT4 = 14(X1+X2)(X3�X4)T � Y3Y T4 + 14(X1�X2)(X3+X4)T � Y4Y T3 :Clearly, Z1ZT3 + Z2ZT4 = 0. Finally, by the same reasoning for Z1ZT3 andZ2ZT4 , we haveZ1ZT4 = 14(X1 +X2)(X3�X4)T � Y1Y T4 + 14(X1�X2)(X3+X4)T � Y2Y T3andZ2ZT3 = 14(X1+X2)(X3�X4)T � Y3Y T2 + 14(X1�X2)(X3+X4)T � Y4Y T1 :Clearly Z1ZT4 +Z2ZT3 = 0. Thus Z1; Z2; Z3; Z4 are special Williamson typematrices of order nm. 210



Let q � 1(mod 4) be a prime power and n = 12(1 + q). By Theorem 1 thereexists a semi-regular 2n = (p + 1)-set of matrices of order p2, i.e. 4n (1 ,-1)-matrices Q1; : : : ;Q4n satisfyingQiQTj = Jp2 ; if i� j 6= �2n; 0; QiQTi+2n = Qi+2nQTiand 4nXj=1QjQTj = 4q2(1 + p)Ip2 :Suppose there exist Williamson type matrices of order n, say A = (aij),B = (bij), C = (bij), D = (dij). SetE = (aijQ1+j�i); F = (bijQn+1+j�i); G = (cijQ2n+1+j�i); H = (dijQ3n+1+j�i);where 1 + j � i is the reduced modulo n to the residue class f1; : : : ; ng.By the same reasoning as in the proof of Theorem 4 [7], E, F , G, H areWilliamson type matrices of order nq2. Further suppose ABT+CDT = 0 i.e.A, B, C, D are nice Williamson matrices of order n. Write EF T = (Xij),GHT = (Yij), where Xij , Yij are of order q2, i; j = 1; : : : n: NoteXij = nXk=1 aikQ1+k�ibjkQTn+1+k�j = nXk=1 aikbjkJq2 ;since (n+ 1 + k � j)� (1 + k � i) 6= 0; 2n. Similarly,Yij = nXk=1 cikQ2n+1+k�ibjkQT3n+1+k�j = nXk=1 cikdjkJq2 ;since (3n + 1 + k � j) � (2n + 1 + k � i) 6= 0; 2n. Note ABT + CDT = 0,then Xij + Yij = 0. Thus EF T + GHT = 0. Similarly, if ADT + BCT = 0then EHT +FGT = 0. Note if n is odd, then 2n� 1 � 1(mod 4). Hence wehave provedTheorem 6 If there exist nice (perfect) Williamson type matrices of ordern, where n is odd and 2n� 1 is a prime power then there exist nice (perfect)Williamson type matrices of order n(2n� 1)2.Corollary 5 If there exist nice Williamson type matrices of order n andm then there exist Williamson type matrices of order nmN , where N wasde�ned in Notation 1.Proof. From [?], there exist special Williamson type matrices of order N .By Theorem 5 there exist nice Williamson type matrices of order mN henceWilliamson type matrices of order nmN . 211



Corollary 6 Let N, N1 and N2 be three products of the kind de�ned byNotation 1. If 2N � 1 is a prime power then there exist(i) perfect Williamson type matrices of order N(2N � 1)2,(ii) nice Williamson type matrices of order N(2N � 1)2N1,(iii) Williamson type matrices of order NN1N2(2N�1)2(2N2�1)2, if 2N1�1 is a prime power.Proof. (i), (ii) and (iii) hold by Theorem 6, Theorem 5 and Corollary 5respectively. 2By Corollary 6 there exist perfect Williamson type matrices of order 9 � 172,nice Williamson type matrices of order 9�172N and Williamson type matricesof order 92 � 174N .5 Tight Williamson-like Matrices and Applica-tionSome tight Williamson-like matrices were found by Xia [18]. For example,from [16], we construct cyclic tight Williamson-like matrices of order 5 and13 with �rst rows+ �+ +�; ++ �+ +; � �+ +�; ++ ++ � and+ +� ��+ �� ++ �+ +; � �+ ++ �+ ++ ++� +;+ �� +�+ ++ �� �+ �; + �+ ++ ++ +� �++ � respectively.From [16] we construct type 1 tight Williamson-like matrices of order25. Any element in the abelian group Z5 � Z5 can be expressed as (a; b),where a, b 2 Z5, and the additive addition in Z5 � Z5 can be de�ned as(a; b) + (c;d) = (a+ b; c+ d). SetS1 = f(0;0); (0; 1); (1; 2); (3; 3); (0;3); (4;4); (3; 4); (2; 0); (2; 2); (1;0); (1; 4); (0; 2); (3; 0)g;S2 = f(0;1); (4; 0); (3; 1); (4; 4); (0;4); (4;2); (1; 0); (1; 1); (3; 2)g;S3 = f(1;2); (3; 3); (1; 3); (4; 1); (3;4); (2;0); (2; 3); (4; 3); (1; 4); (0;2); (2; 4); (2; 1)g;S4 = f(3;3); (4; 1); (0; 3); (2; 0); (4;3); (2;2); (0; 2); (2; 1); (3; 0)g:Hence the type 1 (1, -1) incidence matrices of S1, S2, S3, S4 form the tightWilliamson-like matrices of order 25.Tight Williamson-like matrices are not Williamson type matrices but theyare Goethals-Seidel or Wallis-Whiteman matrices (see [10]) with cross corre-lation types of properties (see De�nition 4). Besides forming Hadamard ma-trices of Goethals-Seidel or Wallis-Whiteman type (see [10]), tightWilliamson-like matrices can be used to form Hadamard matrices in the special arraygiven in the next lemma. 12



Lemma 1 If there exist tight Williamson-like matrices of order n then thereexists an Hadamard matrix of order 4n.Proof. Let A1;A2;A3;A4 be the tight Williamson-like matrices of order n.Set H = 26664 A1 A2 A3 A4A2 A1 A4 A3AT3 AT4 �AT1 �AT2AT4 AT3 �AT2 �AT1 37775 :Hence H is an Hadamard matrices with 4� 4 type 1 blocks. 2Lemma 2 If there exist tight Williamson-like matrices of order n and T-matrices of order t then there exists an Hadamard matrix of order 4tn.Proof. Let A1;A2;A3;A4 be the tight Williamson-like matrices of order n.Let T1; T2; T3; T4 be the T-matrices of order t. WriteE1 = T1 �A1 + T2 �A2 + T3 � AT3 + T4 � AT4 ;E2 = T1 �A2 + T2 �A1 + T3 � AT4 + T4 � AT3 ;E3 = T1 �A3 + T2 �A4 � T3 � AT1 � T2 � AT2 ;E4 = T1 �A4 + T2 �A3 � T3 � AT2 � T1 � AT2 :Clearly, each Ej is a (1, -1)-matrix. It is easy to check that P4j=1EjETj =4tnItn. Note the Ej are of type 1, hence we can construct an Hadamardmatrix of order 4tn by using Theorem 3 [10]. 2Lemma 3 There exist two disjointW (2n;n) if there exist tight Williamson-like matrices of order n.Proof. Let A1;A2;A3;A4 be the tight Williamson-like matrices of order n.Set P = " A+ B C +DCT +DT �AT � BT # and Q = " A�B C �DCT �DT �AT + BT #.Then P and Q are the required two disjoint W (2n;n). 2By Corollary 2.11 [3], a W (2n;n), where n is odd, only exists when n is asum of two squares. Hence, as poimted out in [17] we haveLemma 4 If there exist tight Williamson-like matrices of order n, odd, thenn is a sum of two squares.Two disjoint W (2n;n) are often used for constructing Hadamard matrices(see Craigen [2], [?]). We now construct new tight Williamson-like matricesfrom those known. 13



Lemma 5 (Xia [18]) If there exist tight Williamson-like matrices of or-der n and special Williamson matrices of order m then there exist tightWilliamson-like matrices of order nm.Lemma 6 If there exist tight Williamson-like matrices of order n (odd) and2n � 1 is a prime power then there exist tight Williamson-like matrices oforder n(2n� 1)2.Proof. Let A = (aij), B = (bij), C = (cij), D = (dij) be the tightWilliamson-like matrices of order n. Note 2n � 1 � 1(mod 4), since nis odd. By Theorem 1 there exists a semi-regular (2n)-set of matrices oforder (2n� 1)2, say R1; : : : ;R4n. Set E = (aijRj+i�1), F = (bijRn+j+i�1),G = (cijR2n+j+i�1), H = (dijR3n+j+i�1), where i; j = 1; : : : ; n and thesubscripts j + i� 1 are reduced modulo n. By the same reasoning as in theproof for Theorem 4 [7], E;F;G;H satisfyEET + FFT +GGT +HHT = 4n(2n� 1)2In(2n�1)2 :On the other hand,EF T +FET +GHT +HGT = (ABT +BAT +CDT +DCT )�J(2n�1)2 = 0:Thus E; F;G;H are tight Williamson-like matrices of order n(2n� 1)2. 2Lemma 7 If there exist tight Williamson-like matrices of order n and 4n�1is a prime power then there exist tight Williamson-like matrices of ordern(4n� 1)2.Proof. Let A = (aij), B = (bij), C = (cij), D = (dij) be the tightWilliamson-like matrices of order n. Note 4n � 1 � 3(mod 4). By The-orem 1 there exists a regular (2n)-set of matrices of order (4n � 1)2, sayA1; : : : ;A4n. Set E = (aijAj+i�1), F = (bijAn+j+i�1), G = (cijATj+i�1),H = (dijATn+j+i�1), where i; j = 1; : : : ; n and the subscripts j + i � 1 arereduced modulo n. By the same reasoning as in the proof for Theorem 4[7], E;F;G;H satisfyEET + FFT +GGT +HHT = 4n(4n� 1)2In(4n�1)2 :On the other hand,EF T +FET +GHT +HGT = (ABT +BAT +CDT +DCT )�J(4n�1)2 = 0:Thus E; F;G;H are tight Williamson-like matrices of order n(4n� 1)2. 214



Corollary 7 There exist tight Williamson-like matrices of order 5N, 13N,25N, 13 � 54N, 5 � 192N .Proof. As the above, there exist tight Williamson-like matrices of order5, 13, 25. By Lemma 6 there exist tight Williamson-like matrices of order13 � 54. By Lemma 7 there exist tight Williamson-like matrices of order5 � 192. Using Lemma 5, we have established the corollary. 2Corollary 8 There exist Hadamard matrices of orders 4n, where n = 5tN ,13tN , 25tN, 13 � 54tN , 5 � 192tN , where t is the order of T-matrices.Proof. Using Corollary 7 and Lemma 2. 2Corollary 9 There exist two disjoint W (2n;n), where n = 5N , 13N, 25N,13 � 54N, 5 � 192N .Proof. Using Corollary 7 and Lemma 3. 2The following table shows the existence of tight Williamson-like matricesof odd order < 60. Tight Williamson-like matrices for odd orders, n, canonly exist for n � 1(mod 4), where the decomposition of n into prime powerscontains no factor p � 3(mod 4) raised to an odd power. Hence the followinglist contains only those n which exist or could possibly exist.order construction5 [18], see Section 59t [11], since special Williamson type are tight Williamson-like matrices13 [18], see Section 517 unknown25 [18], see Section 529 unknown37 unknown41 unknown45 [18], see Lemma 549 uncertain53 unknown 15
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