
Regular Sets of Matrices and ApplicationsJennfer SeberryXian-Mo ZhangDepartment of Computer ScienceUniversity CollegeUniversity of New South WalesAustralian Defence Force AcademyCanberra, ACT 2600, AUSTRALIAAbstractSuppose A1; � � � ; As are (1;�1) matrices of order m satisfyingAiAj = J; i; j 2 f1; � � � ; sg; (1)ATi Aj = ATj Ai = J; i 6= j; i; j 2 f1; � � � ; sg; (2)sXi=1(AiATi +ATi Ai) = 2smIm; (3)JAi = AiJ = aJ; i = f1; � � � ; sg; a constant: (4)Call A1; � � � ;As a regular s-set of matrices of order m if (1), (2), (3) are satis�ed and a regular s-setof regular matrices if (4) is also satis�ed, these matrices were �rst discovered by J. Seberry and A. L.Whiteman in \New Hadamard matrices and conference matrices obtained via Mathon's construction",Graphs and Combinatorics, 4(1988), 355-377. In this paper, we prove that(i) if there exist a regular s-set of order m and a regular t-set of order n then there exists a regular s-setof order mn when t = sm,(ii) if there exist a regular s-set of order m and a regular t-set of order n then there exists a regular s-setof order mn when 2t = sm ( m is odd ),(iii) if there exist a regular s-set of order m and a regular t-set of order n then there exists a regular2s-set of order mn when t = 2sm.As applications, we prove that if there exist a regular s-set of order m there exists(iv) an Hadamard matrix of order 4hm whenever there exists an Hadamard matrix of order 4h ands = 2h,(v) Williamson type matrices of order nm whenever there exists Williamson type matrices of order nand s = 2n,(vi) a complex Hadamard matrix of order 2cm whenever there exists a complex Hadamard matrix oforder 2c and s = 2c.This paper extends and improves results of Seberry and Whiteman giving new classes of Hadamardmatrices, Williamson type matrices and complex Hadamard matrices. In particular, we show that ifboth p � 1 (mod 4) and 2p + 1 are prime powers then there exist Williamson type matrices of order12(p+ 1)(2p+ 1)2. 1



1 Introduction and Basic De�nitionsThis paper uses sets of matrices �rst introduced by Seberry and Whiteman [8] to �nd new classes ofHadamard matrices, Williamson type matrices, orthogonal designs and complex Hadamard matrices.De�nition 1 Suppose A1; � � � ;As are (1;�1) matrices of order m satisfyingAiAj = J; i; j 2 f1; � � � ; sg; (5)ATi Aj = ATj Ai = J; i 6= j; i; j 2 f1; � � � ; sg; (6)sXi=1(AiATi +ATi Ai) = 2smIm; (7)JAi = AiJ = aJ; i = f1; � � � ; sg; a constant: (8)Call A1; � � � ;As a regular s-set of matrices of order m if (5), (6), (7) are satis�ed (see [?], [8]) and aregular s-set of regular matrices if (8) is also satis�ed.J. Seberry and A. L. Whiteman [8] proved that if if q � 3 (mod 4) is a prime power there exists a regular12(q + 1)-set of regular matrices of order q2, say Ai, i = 1; � � � ; 12(q + 1) satisfying AiJ = JAi = qJ .De�nition 2 Four (1;�1) matrices X1;X2; X3;X4 of order n satisfyingX1XT1 +X2XT2 +X3XT3 +X4XT4 = 4nInand UV T = V UT ;where U; V 2 fX1;X2; X3;X4g will be called Williamson type matrices.Williamson and Williamson type matrices are discussed extensively by Baumert, Hall, Sawade, Miyamoto,Seberry, Whiteman, Yamada and Yamamoto ( [?], [1], [4], [5], [?], [15], [16], [7], [10], [6], [12], [13],[3], [14], [9]).De�nition 3 A matrixM = (mij) of orderm satisfying mi;j = m1;j�i+1, where the subscripts are reducedmodulo m, is called a circulant matrix. If mi;j = m1;i+j�1, M is called a back-circulant matrix.De�nition 4 An orthogonal design A, of order p and type (s1; � � � ; su), denoted by OD(p; s1; � � � ; su), onthe commuting variables �x1; � � � ;�xu; 0 is a matrix of order p with entries �x1; � � � ;�xu; 0 satisfyingAAT = (s1x21 + � � �+ sux2u)Ip:De�nition 5 Let C be a (1;�1; i;�i) matrix of order c satisfying CC� = cIc, where C� is the Hermitianconjugate of C. We call C a complex Hadamard matrix of order c.From [11], any complex Hadamard matrix has order 1 or order divisible by 2. Let C = X + iY , whereX;Y consist of 1;�1; 0 and X ^ Y = 0 where ^ is the Hadamard product. Clearly, if C is a complexHadamard matrix then XXT + Y Y T = cIc; XY T = Y XT .2



2 Product of Two Sets of MatricesTheorem 1 If there exist a regular s-set of matrices of order m and a regular t(= sm)-set of matrices oforder n then there exists a regular s-set of matrices of order mn.Proof. Let f A1 = (a1ij), A2 = (a2ij); � � � ; As = (asij) g be the regular s-set of matrices of order m and fB1, B2, � � � , Bt g be the regular t-set of matrices of order of n.De�ne Ci = (cikj) = (aikjB(i�1)m+j+k�1)), i = 1; � � � ; s so thatCi = 266664 ai11B(i�1)m+1 ai12B(i�1)m+2 � � � ai1mBimai21B(i�1)m+2 ai22B(i�1)m+3 � � � ai2mB(i�1)m+1...aim1Bim aim2B(i�1)m+1 � � � aimmBim�1 377775 :Since both fA1; A2; � � � ;Asg and fB1;B2; � � � ;Btg are regular r-sets of matrices, r = s; t respectively, wehave CiCj = Jm � Jn = Jmn; i; j 2 f1; � � � ; sg;CiCTj = CTj Ci = Jm � Jn = Jmn; i 6= j; i; j 2 f1; � � � ; sg:To show sXi=1(CiCTi + CTi Ci) = 2smnImn; (9)note that (aikj)2 = 1 so the diagonal element of CiCTi + CTi Ci ismXj=1(B(i�1)m+jBT(i�1)m+j +BT(i�1)m+jB(i�1)m+j)and hence the diagonal element of Psi=1(CiCTi + CTi Ci) issmXj=1(BjBTj +BTj Bj) = 2tnIn = 2smnIn:The o�-diagonal elements of CiCTi are given bymXj=1(aihjaikjB(i�1)m+j+h�1BT(i�1)m+j+k�1); h 6= k= mXj=1 aihjaikjJ:So the o�-diagonal element of Psi=1(CiCTi + CTi Ci), taking into account diagonal elements of (9) forA1; � � � ;As, is zero, sXi=1 mXj=1(aihjaikj + aijhaijk)J = 0: 23



We also note that if BjJn = bJn and AiJm = aJm, ( part(8) of the De�nition 1 ), then( mXj=1 aikjBl)Jn = ( mXj=1aikj)bJn = abJnand CiJmn = abJmn. Similarly JmnCi = abJmn. Thus we haveCorollary 1 If there exist a regular s-set of regular matrices of order m and a regular t(= sm )-set ofregular matrices of order n then there exists a regular s-set of regular matrices of order mn.We now use a result of Seberry and Whiteman [8] who showed that if q � 3 (mod 4) is a prime powerthere exists a regular 12(q + 1)-set of regular matrices of order q2.Corollary 2 If both q � 3 (mod 4) and (q+1)q2�1 are prime powers then there exists a regular 12(q+1)-setof regular matrices of order q2((q + 1)q2 � 1)2.Proof. Note (q + 1)q2 � 1 � 3(mod 4). By [8], there exist both a regular 12(q + 1)-set of regular matricesof order q2 and a regular 12(q+ 1)q2-set of regular matrices of order ((q+ 1)q2� 1)2. Using Theorem 1, wehave a regular 12(q + 1)-set of matrices of order q2((q + 1)q2 � 1)2. 2A result of Seberry and Whiteman ( see Theorem 12 of [8] ) would now give the next Corollary which isnew. We shall give another proof of their results in Section 3.Corollary 3 If both q � 3 (mod 4) and (q + 1)q2 � 1 are prime powers then there exists an Hadamardmatrix of order q2(q + 1)((q + 1)q2 � 1)2.Proof. By Theorem 1, there exists a regular 12(q + 1)-set of matrices of order q2(q2(q + 1)� 1)2. On theother hand, from the Index, [?], there exists an Hadamard matrix of order q+ 1. Finally, by Theorem 12,[8], we have an Hadamard matrix of order q2(q + 1)(q2(q + 1)� 1)2. 2Theorem 2 If there exist a regular s-set of matrices of order m and a regular t-set of matrices of order nthen there exists a regular s-set of matrices of order mn, when 2t = sm (m is odd).Proof. Let f A1 = (a1ij), A2 = (a2ij), � � � ; As = (asij) g be the regular s-set of matrices of order m and fB1, B2, � � � , Bt g be the regular t-set of matrices of order n. Note t = 12sm, 12s is an integer as 2t = smand m is odd.Set 12s = r. For i = 1; � � � ; r, de�ne Ci = (cikj) = (aikjB(i�1)m+j+k�1)), note Ci is a matrix of blocks i.e.Ci = 266664 ai11B(i�1)m+1 ai12B(i�1)m+2 � � � ai1mBimai21B(i�1)m+2 ai22B(i�1)m+3 � � � ai2mB(i�1)m+1...aim1Bim aim2B(i�1)m+1 � � � aimmBim�1 3777754



and for i = r + 1; � � � ; 2r = s, Ci = (cikj) = (aikjBT(i�1)m+j+k�1)), i.e.Ci = 266664 ai11BT(i�1)m+1 ai12BT(i�1)m+2 � � � ai1mBTimai21BT(i�1)m+2 ai22BT(i�1)m+3 � � � ai2mBT(i�1)m+1...aim1BTim aim2BT(i�1)m+1 � � � aimmBTim�1 377775 :Since both fA1;A2; � � � ;Asg and fB1;B2; � � � ; Btg are regular l-set of matrices, l = s; t respectively, we haveCiCj = Jm � Jn = Jmn; i; j 2 f1; � � � ; sg;CiCTj = CTj Ci = Jm � Jn = Jmn; i 6= j; i; j 2 f1; � � � ; sg:We now prove Psi=1(CiCTi + CTi Ci) = 2smnImn. Note that (aikj)2 = 1 so the diagonal element of CiCTi +CTi Ci is mXj=1(B(i�1)m+jBT(i�1)m+j +BT(i�1)m+jB(i�1)m+j);for i = 1; � � � ; r and mXj=1(BT(i�1)m+jB(i�1)m+j +B(i�1)m+jBT(i�1)m+j);for i = r + 1; � � � ; s. So the diagonal element of Psi=1(CiCTi + CTi Ci) is2 rmXj=1(BjBTj +BTj Bj) = 2 tXj=1(BjBTj +BTj Bj) = 2 � 2tnIn = 2smnIn:The o�-diagonal elements of CiCTi are given bymXj=1(aihjaikjB(i�1)m+j+h�1BT(i�1)m+j+k�1); h 6= k= mXj=1 aihjaikjJ;for i = 1; � � � ; r. By the same reasoning, the o�-diagonal elements of CiCTi are alsomXj=1 aihjaikjJ;h 6= k, i = r + 1; � � � ; 2r = s. Hence the o�-diagonal element of P2ri=1(CiCTi + CTi Ci) is zero, usingmXi=1 mXj=1(aihjaikj + aijhaijk)J = 0: 2By the same reason as in the proof for Corollary 1, we have5



Corollary 4 If there exist a regular s-set of regular matrices of order m and a regular t-set of regularmatrices of order n then there exists a regular s-set of regular matrices of order mn, when 2t = sm (m isodd).Corollary 5 If both q � 7 (mod 8) and 12(q + 1)q2 � 1 are prime powers then there exists a regular12(q + 1)-set of regular matrices of order q2(12(q + 1)q2 � 1)2.Proof. Note 12(q+1)q2� 1 � 3 (mod 4). By [8], there exist both a regular 12(q+1)-set of regular matricesof order q2 and a regular 14(q + 1)q2-set of regular matrices of order (12(q + 1)q2 � 1)2. Using Theorem 2,we have a regular 12(q + 1)-set of regular matrices of order q2(12(q + 1)q2 � 1)2. 2By the same reasoning as in the proof for Corollary 3, we haveCorollary 6 If both q � 7 (mod 8) and 12(q + 1)q2 � 1 are prime powers then there exists an Hadamardmatrix of order of q2(q + 1)(12(q + 1)q2 � 1)2:Theorem 3 If there exist a regular s-set of matrices of order m and a regular t-set of matrices of order nthen there exists a regular 2s-set of matrices of order mn, when t = 2sm.Proof. Let f A1 = (a1ij), A2 = (a2ij); � � � ; As = (asij) g be the regular s-set of matrices of order m and fB1, B2, � � � , Bt g be the regular t-set of matrices of order of n.De�ne Ci = 266664 ai11B(i�1)m+1 ai12B(i�1)m+2 � � � ai1mBimai21B(i�1)m+2 ai22B(i�1)m+3 � � � ai2mB(i�1)m+1...aim1Bim aim2B(i�1)m+1 � � � aimmBim�1 377775and Cs+i = 266664 ai11B(i�1)m+1 ai21B(i�1)m+2 � � � aim1Bimai12B(i�1)m+2 ai22B(i�1)m+3 � � � aim2B(i�1)m+1...ai1mBim ai2mB(i�1)m+1 � � � aimmBim�1 377775 ;i = 1; � � � ; s. By the same reasoning as in the proofs for Theorem 1 and Theorem 2, we haveCiCj = Jm � Jn = Jmn; i; j 2 f1; � � � ; sg;CiCTj = CTj Ci = Jm � Jn = Jmn; i 6= j; i; j 2 f1; � � � ; sg:and sXi=1(CiCTi + CTi Ci) = 2smnImn:Corollary 7 If there exist a regular s-set of regular matrices of order m and a regular t-set of regularmatrices of order n then there exists a regular 2s-set of regular matrices of order mn, when t = 2sm.6



Corollary 8 If both q � 3 (mod 4) and 2(q + 1)q2 � 1 are prime powers there exists a regular (q + 1)-setof regular matrices of order q2(2(q + 1)q2 � 1)2.Proof. Note 2(q+1)q2� 1 � 3 (mod 4). By [8], there exist both a regular 12(q+1)-set of regular matricesof order q2 and a regular (q+ 1)q2-set of regular matrices of order (2(q+ 1)q2� 1)2. Using Theorem 3, wehave a regular (q + 1)-set of regular matrices of order q2(2(q + 1)q2 � 1)2. 2By the same reasoning as in the proof for Corollary 3, we haveCorollary 9 If both q � 3 (mod 4) and 2(q+ 1)q2� 1 are prime powers there exists an Hadamard matrixof order of 2q2(q + 1)(2(q + 1)q2 � 1)2.We note that if t = 2 in Theorems 1, 2, 3 the conditions t = sm, 2t = sm , t = 2sm can be removed and acompletely di�erent proof obtained.3 Hadamard MatricesWe give another proof of Seberry and Whiteman's Theorem [8].Theorem 4 If there exists an Hadamard matrices of order 4h and a regular s(= 2h)-set of matrices oforder m then there exists an Hadamard matrix of order 4hm.Proof. Let f A1; � � � ;As g be the regular s-set of matrices of order m and H = (hij) be the Hadamard ma-trix of order 4h. Set L1 = (hijAj+i�1), L2 = (hi;2h+jATj+i�1), L3 = (h2h+i;jAj+i�1), L4 = (h2h+i;2h+jATj+i�1),where i; j = 1; � � � ; 2h and all the subscripts j + i� 1 are reduced modulo 2h. SetE = " L1 L2L3 L4 # :We now prove E is an Hadamard matrix of order 4hm. LetE = 266664 E1E2...E4h 377775 ;where E1;E2; � � �E4h are of orderm�4hm. It is easy to verify EiETj = 0, if i 6= j and EiEii =P2hk=1(AkATk +ATkAk) =Psk=1(AkATk + ATkAk) = 2smIm = 4hmIm: Thus EET = 4hmI4hm. 24 Williamson Type MatricesWe �nd new constructions for Williamson matrices not given by Miyamoto [3] or Seberry and Yamada[?], [9]. 7



Theorem 5 If there exist Williamson type matrices of order n and a regular s(= 2n)-set of matrices oforder m then there exist Williamson type matrices of order nm.Proof. Let A = (aij), B = (bij), C = (cij), D = (dij) be the Williamson type matrices of order n andf R1; � � � ;Rs g be the regular s-set of matrices of order m. Set E = (aijRj+i�1), F = (bijRn+j+i�1),G = (cijRTj+i�1), H = (dijRTn+j+i�1), where i; j = 1; � � � ; n and the subscripts j+ i� 1 are reduced modulon. It is easy to show UV T = V UT , for U; V 2 E;F;G;H. We now proveEET + FFT +GGT +HHT = 4mnImn:Let E = 266664 E1E2...En 377775 ; Let F = 266664 F1F2...Fn 377775 ; Let G = 266664 G1G2...Gn 377775 ; Let H = 266664 H1H2...Hn 377775 ; where Ei, Fi, Gi, Hi are of orderm�mn. By the conditions of Williamson type matrices and (1), (2), (3), it is easy to verify that if i 6= j,EiETj + FiF Tj + GiGTj +HiHTj = 0: On the other hand, EiETi + FiF Ti +GiGTi +HiHTi =P2nk=1(RkRTk +RTkRk) =Psk=1(RkRTk +RTkRk) = 2smIm = 4mnIm: Thus EET + FFT +GGT +HHT = 4mnImn: 2We give a new proof of construction for Williamson type matrices of [8 , 10]:Corollary 10 If n is the order of Williamson type matrices and 4n� 1 is a prime power then there existWilliamson type matrices of order n(4n� 1)2.Proof. Clearly, 4n � 1 � 3 (mod 4). By [8], there exists a regular 2n-set of regular matrices of order(4n� 1)2. From Theorem 4, we have Williamson type matrices of order n(4n� 1)2. 2The next construction appears to be new:Corollary 11 If both p � 1 (mod 4) and 2p+1 are prime powers then there exist Williamson type matricesof order 12(p+ 1)(2p+ 1)2.Proof. From the Index of [?], there exist Williamson matrices of order 12(p+ 1). Using Corollary 10, wehave Williamson type matrices of order 12(p+ 1)(2p+ 1)2. 2Let p = 17; we have new Williamson type matrices of order 11025. Let p = 21; 25 we have new constructionfor known Williamson type matrices of order 20339, 33813.Corollary 12 If 28 � 3i � 1 is a prime power then there exist Williamson type matrices of order 7 � (28 �3i � 1)23i, where i;= 0; 1; � � � :Proof. From the Index of [?], there exist Williamson type matrices of order of 7 � 3i, where i = 0; 1; � � � :By Corollary 10, we have Williamson type matrices of order 7 � (28 � 3i � 1)23i: 28



5 Complex Hadamard MatricesTheorem 6 If there exist a complex Hadamard matrix of order 2c and a regular s(= 2c)-set of matricesof order m then there exists a complex Hadamard matrix of order 2cm.Proof. Let f A1; � � � ;As g be the regular s(= 2c)-set of matrices of order m and C = X + iY be thecomplex Hadamard matrix of order 2c, where both X and Y are (1;�1) matrices satisfying X ^ Y = 0,XXT + Y Y T = 2cI2c, XY T = Y XT . Let P = X + Y and Q = X � Y . Then both P and Q are (1;�1)matrices of order 2c and PP T +QQT = 4cI2c, PQT = QPT . Let P = (pij) and Q = (qij), i; j = 1; � � � ; 2c.Set E = (pijAi+j�1) and F = (qijAi+j�1)T , where i; j = 1; � � � ; s and the subscripts i+ j � 1 are reducedmodulo s. Clearly, both E and F are (1;�1) matrices of order 2cm, since both P and Q are (1;�1)matrices of order 2c. We now prove EET + FF T = 4cmI2cm. Rewrite E = 266664 E1E2...En 377775 and F = 266664 F1F2...Fn 377775 ;where Ei and Fi are matrices of order m� sm. NoteEiETi + FiFTi = sXj=1(pijpijAi+j�1ATi+j�1 + qijqijATi+j�1Ai+j�1)= sXj=1(AjATj +ATj Aj) = 2smIm:On the other hand, if i 6= k,EiETk + FiF Tk = sXj=1(pijpkjAi+j�1ATk+j�1 + qijqkjATi+j�1Ak+j�1)= sXj=1(pijpkj + qijqkj)Jm = 0:Thus EET + FF T = 2smIsm = 4cmI2cm:Finally, Set U = 12(E+F ) and V = 12(E�F ). Note both E and F are (1;�1) matrices of order 2cm thenboth U and V are (1;�1; 0) matrices of order 2cm satisfying U ^V = 0, UUT +V V T = 12(EET +FF T ) =2cmI2cm. Since PQT = QP T , EFT = FET and UV T = V UT . Thus U + iV is a complex Hadamardmatrix of order 2cm. 2Corollary 13 If both p � 1 (mod 4) and 2pj(p + 1) � 1 are prime powers then there exists a complexHadamard matrix of order pj(p+ 1)(2pj(p+ 1)� 1)2, where j = 1; 2; � � � :Proof. Obviously, 2pj(p+ 1)� 1 � 3 (mod 4). By [8], there exists a regular pj(p+ 1)-set of matrices oforder (2pj(p+1)�1)2. From Corollary 18, [2], there exists a complex Hadamard matrix of order pj(p+1).Using Theorem 6, we have a pj(p+ 1)(2pj(p+ 1)� 1)2.9
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