
Some Orthogonal Designs and complex Hadamardmatrices by using two Hadamard matricesJennifer SeberryandXian-Mo ZhangDepartment of Computer ScienceUniversity CollegeUniversity of New South WalesAustralian Defence Force AcademyCanberra, ACT 2600, AUSTRALIAAbstractWe prove that if there exist Hadamard matrices of order h and ndivisible by 4 then there exist two disjoint W (14hn; 18hn), whose sumis a (1;�1) matrix and a complex Hadamard matrix of order 14hn,furthermore, if there exists an OD(m; s1; s2; � � � ; sl) for even m thenthere exists an OD(14hnm; 14hns1; 14hns2; � � � ; 14hnsl):1 Introduction and Basic De�nitionsA complex Hadamard matrix (see [4] ), say C, of order c is a matrixwith elements 1;�1; i;�i satisfying CC� = cI , where C� is the Hermitianconjugate of C. From [4], any complex Hadamard matrix has order 1 ororder divisible by 2. Let C = X + iY , where X; Y consist of 1;�1; 0 andX ^ Y = 0 where ^ is the Hadamard product. Clearly, if C is an complexHadamard matrix then XXT + Y Y T = cI, XY T = Y XT .A weighing matrix [2] of order n with weight k, denoted byW = W (n; k),is a (1;�1; 0) matrix satisfying WWT = kIn. W (n;n) is an Hadamardmatrix.Let Aj be a (1;�1; 0) matrix of order m and AjATj = sjIm. An orthogo-nal design D = x1A1+x2A2+ � � �+xlAl of order m and type (s1; s2; � � � ; sl),written OD(m; s1; s2; � � � ; sl), on the commuting variables x1; x2; � � � ; xl is asquare matrix with entries 0;�x1;�x2; � � � ;�xl where xi or �xi occurs sitimes in each row and column and distinct rows are formally orthogonal.1



That is DDT = ( lXj=1 six2j )ImLet M be a matrix of order tm. Then M can be expressed asM = 266664 M11 M12 � � � M1tM21 M22 � � � M2t...Mt1 Mt2 � � � Mtt 377775where Mij is of order m (i; j = 1; 2; � � � ; t). Analogously with Seberry andYamada [3], we call this a t2 block M-structure when M is an orthogonalmatrix.To emphasize the block structure , we use the notation M(t), whereM(t) =M but in the form of t2 blocks, each of which has order m.Let N be a matrix of order tn. Then, writeN(t) = 26664 N11 N12 � � � N1tN21 N22 � � � N2t� � �Nt1 Nt2 � � � Ntt 37775where Nij is of order n (i; j = 1; 2; � � � ; t).We now de�ne the operation  as the following:M(t)N(t) = 26664 L11 L12 � � � L1tL21 L22 � � � L2t� � �Lt1 Lt2 � � � Ltt 37775where Mij , Nij and Lij are of order of m;n and mn, respectively andLij =Mi1 �N1j +Mi2 �N2j + � � �+Mit �Ntj ;i; j = 1; 2; � � � ; t:We call this the strong Kronecker multiplication of two ma-trices.2 PreliminariesTheorem 1 Let A be an OD(tm; p1; � � � ; pl) with entries x1; � � � ; xl and Bbe an OD(tn; q1; � � � ; qs) with entries y1; � � � ; ys then(A(t)B(t))(A(t)B(t))T = ( lXj=1 pjx2j )( sXj=1 qjy2j )Itmn:2



(A(t) B(t)is not an orthogonal design but an orthogonal matrix.)Proof. A(t) = 26664 A11 A12 � � � A1tA21 A22 � � � A2t� � �At1 At2 � � � Att 37775and B(t) = 26664 B11 B12 � � � B1tB21 B22 � � � B2t� � �Bt1 Bt2 � � � Btt 37775where Aij and Bij are of orders m and n respectively (i; j = 1; 2; � � � ; t).Write C = (A(t) B(t))(A(t) B(t))T = 26664 C11 C12 � � � C1tC21 C22 � � � C2t� � �Ct1 Ct2 � � � Ctt 37775where Cij is of order mn.We �rst prove C13 = 0. It is easy to calculate C13 == tXj=1(A11�B1j+A12�B2j+� � �+A1t�Btj)(AT31�BT1j+AT32�BT2j+� � �+AT3t�BTtj)= tXj=1[(A11AT31)�(B1jBT1j)+(A12AT32)�(B2jBT2j)+ � � �+(A1tAT3t)�(BtjBTtj)]= (A11AT31 +A12AT32 + � � �+ A1tAT3t)� ( sXj=1 qjy2j )In:But A11AT31 + A12AT32 + � � �+ A1tAT3t = 0;so C13 = 0:Similarly, Cij = 0 (i 6= j):We now calculate Cii.Cii = tXj=1(Ai1�B1j+Ai2�B2j+� � �+Ait�Btj)(ATi1�BT1j+ATi2�BT2j+� � �+ATit�BTtj)3



= tXj=1[(Ai1ATi1)� (B1jBT1j)+ (Ai2ATi2)� (B2jBT2j)+ � � �+(AitATit)� (BtjBTtj)]= (Ai1ATi1 + Ai2ATi2 + � � �+ AitATit)� ( sXj=1 qjy2j )In:= ( lXj=1 pjx2j )Im � ( sXj=1 qjy2j )In= ( lXj=1 pjx2j)( sXj=1 qjy2j )Imn:Thus (A(t)B(t))(A(t)B(t))T = ( lXj=1 pjx2j )( sXj=1 qjy2j )Itmn:Corollary 1 Let A and B be the matrices of orders tm and tn respectively,consist of 1;�1; 0 satisfying AAT = pImt and BBT = qInt. Then(A(t)B(t))(A(t) B(t))T = pqItmn:Proof. In this case, A = OD(tm; p) , B = OD(tn; q) and x1 = y1 = 1.In the remainder of this paper let H = (Hij) and N = (Nij) of order hand n respectively be 16 block M-structures [3]. SoH = 26664 H11 H12 H13 H14H21 H22 H23 H24H31 H32 H33 H34H41 H42 H43 H44 37775where 4Xj=1HijHTij = hIh = 4Xj=1HjiHTji;for i = 1; 2; 3; 4 and 4Xj=1HijHTkj = 0 = 4Xj=1HjiHTjk;for i 6= k, i; k = 1; 2; 3; 4.Similarly, let N = 26664 N11 N12 N13 N14N21 N22 N23 N24N31 N32 N33 N34N41 N42 N43 N44 377754



where 4Xj=1NijNTij = nIn = 4Xj=1NjiNTji ;for i = 1; 2; 3; 4 and 4Xj=1NijNTkj = 0 = 4Xj=1NjiNTjk ;for i 6= k, i; k = 1; 2; 3; 4:For ease of writing we de�ne Xi = 12(Hi1 + Hi2); Yi = 12(Hi1 � Hi2);Zi = 12(Hi3 + Hi4); Wi = 12(Hi3 � Hi4); where i = 1; 2; 3; 4. Then bothXi� Yi and Zi �Wi are (1;�1)-matrices with Xi ^ Yi = 0 and Zi ^Wi = 0,^ the Hadamard product.LetS = 12 26664 H11 +H12 �H11 +H12 H13 +H14 �H13 +H14H21 +H22 �H21 +H22 H23 +H24 �H23 +H24H31 +H32 �H31 +H32 H33 +H34 �H33 +H34H41 +H42 �H41 +H42 H43 +H43 �H43 +H44 37775 :Then S can be rewritten asS = 12 26664 H11 H12 H13 H14H21 H22 H23 H24H31 H32 H33 H34H41 H42 H43 H44 37775 26664 1 �1 0 01 +1 0 00 0 1 �10 0 1 +1 37775or S = 26664 X1 �Y1 Z1 �W1X2 �Y2 Z2 �W2X3 �Y3 Z3 �W3X4 �Y4 Z4 �W4 37775 :Obviously, S is a (0;1;�1) matrix.Write R = 26664 Y1 X1 W1 Z1Y2 X2 W2 Z2Y3 X3 W3 Z3Y4 X4 W4 Z4 37775 ;also a (0; 1;�1) matrix.We note S � R is a (1;�1) matrix, R ^ S = 0 and by Corollary 1SST = RRT = 12hIh:5



Lemma 1 If there exists an Hadamard matrix of order h divisible by 4,there exists an OD(h; 12h; 12h).Proof. From S and R as above. Now H = S + R. Note HHT = SST +RRT +SRT +RST = hIh and SST = RRT = 12hIh: Hence SRT +RST = 0.Let x and y be commuting variables then E = xS + yR is the requiredorthogonal design.3 Weighing MatricesLemma 2 If there exist Hadamard matrices of order h and n divisible by4, there exists a W (14hn; 18hn).Proof. Let H and N as above be the Hadamard matrices of order h and nrespectively. LetP = 12 26664 X1 Y1 Z1 W1X2 Y2 Z2 W2X3 Y3 Z3 W3X4 Y4 Z4 W4 37775 26664 N11 N12 N13 N14N21 N22 N23 N24N31 N32 N33 N34N41 N42 N43 N44 37775 :Rewrite P = 26664 P11 P12 P13 P14P21 P22 P23 P24P31 P32 P33 P34P41 P42 P43 P44 37775 :Consider P11 = 12(X1 �N11 + Y1 �N21 + Z1 �N31 +W1 �N41);where bothX1�N11+Y1�N21 and Z1�N31+W1�N41 are (1;�1) matrices.So P11 has entries 1;�1; 0 and similarly for other Pij . By Lemma 1,PP T = 18hnI 14hn:Then P is a W (14hn; 18hn).Corollary 2 There exists a W (h; 12h) (h > 1) if there exists an Hadamardmatrix of order h.Proof. If h > 2 let n = 4 in Theorem 1. For the case h = 2, note W (2;1)is the identity matrix. 6



We also note that ifQ = 12 26664 X1 Y1 Z1 W1X2 Y2 Z2 W2X3 Y3 Z3 W3X4 Y4 Z4 W4 37775 26664 N11 N12 N13 N14N21 N22 N23 N24�N31 �N32 �N23 �N34�N41 �N42 �N43 �N44 37775 :Then Q is also a W (14hn; 18hn).Theorem 2 Suppose h and n divisible by 4, are the orders of Hadamardmatrices then there exist two disjoint W (14hn; 18hn), whose sum and di�er-ence are (1;�1) matrices.Rewrite Q = 26664 Q11 Q12 Q13 Q14Q21 Q22 Q23 Q24Q31 Q32 Q33 Q34Q41 Q42 Q43 Q44 37775 :We notePij = 12(Xi �N1j + Yi �N2j + Zi �N3j +Wi �N4j);and Qij = 12(Xi �N1j + Yi �N2j � Zi �N3j �Wi �N4j):Since Pij +Qij = Xi�N1j + Yi �N2j and Pij �Qij = Zi�N3j +Wi�N4jwe conclude that Pij � Qij are (1;�1) matrices and Pij ^ Qij = 0. ThusP �Q is a (1;�1) matrix and P ^ Q = 0. P and Q are both W (14hn; 18hn)by Corollary 1.4 Complex Hadamard MatricesLemma 3 PQT = QPT .Proof. Write PQT = 26664 E11 E12 E13 E14E21 E22 E23 E24E31 E32 E33 E34E41 E42 E43 E44 37775and QPT = 26664 F11 F12 F13 F14F21 F22 F23 F24F31 F32 F33 F34F41 F42 F43 F44 37775 :7



We �rst prove E13 = F13.We note E13 == 14 4Xj=1(X1�N1j+Y1�N2j+Z1�N3j+W1�N4j)(XT3 �NT1j+Y T3 �NT2j�ZT3 �NT3j�W T3 �NT4j)and F13 == 14 4Xj=1(X1�N1j+Y1�N2j�Z1�N3j�W1�N4j)(XT3 �NT1j+Y T3 �NT2j+ZT3 �NT3j+W T3 �NT4j):Obviously, E13 = F13 if and only if4Xj=1(X1 �N1j + Y1 �N2j)(ZT3 �NT3j +W T3 �NT4j) (1)= 4Xj=1(Z1 �N3j +W1 �N4j)(XT3 �NT1j + Y T3 �NT2j): (2)To show this, note4Xj=1(X1�N1j)(ZT3 �NT3j) = 4Xj=1(X1ZT3 )�(N1jNT3j) = X1ZT3 � 4Xj=1N1jNT3j = 0;and similarly for other parts in (1) and (2). Thus E13 = F13. Similarly,Eij = Fij , for other i 6= j.We now prove Eii = Fii. We see Eii == 14 4Xj=1(Xi�N1j+Yi�N2j+Zi�N3j+Wi�N4j)(XTi �NT1j+Y Ti �NT2j�ZTi �NT3j�WTi �NT4j)and Fii == 14 4Xj=1(Xi�N1j+Yi�N2j�Zi�N3j�Wi�N4j)(XTi �NT1j+Y Ti �NT2j+ZTi �NT3j+WTi �NT4j):Obviously, Eii = Fii if and only if4Xj=1(Xi �N1j + Yi �N2j)(ZTi �NT3j +WTi �NT4j) (3)= 4Xj=1(Zi �N3j +Wi �N4j)(XTi �NT1j + Y Ti �NT2j): (4)The proof is the same as in (1) and (2). Hence Eii = Fii: Finally, we concludePQT = QPT . 8



Theorem 3 If there exist Hadamard matrices of order h and n divisible by4 then there exists a complex Hadamard matrix of order 14hn.Proof. By the proof of Theorem 2, P andQ are the two disjointW (14hn; 18hn)i.e. P ^ Q = 0 and P � Q is a (1;�1) matrix. Furthermore by Lemma 3,PQT = QPT . Thus P + iQ is a complex Hadamard matrix of order 14hn.5 Orthogonal DesignsTheorem 4 If there exist Hadamard matrices of order h , n divisible by 4and an OD(m; s1; s2; � � � ; sl), where m is even, then there exists anOD(14hnm; 14hns1; 14hns2; � � � ; 14hnsl):Proof. Let D = " D1 D2D3 D4 # ;be the OD(m; s1; s2; � � � ; sl) on the commuting variables x1; � � � ; xl, whereDj is of order 12m. LetD0 = " P Q�Q P # " D1 D2D3 D4 #where P and Q, constructed above, are from the Hadamard matrices of or-der h and n.Then by Theorem 3 and Corollary 1,D0D0T = 14hn( lXj sjx2j )I 14hnm:Since P ^ Q = 0, if D consists of 0;�x1; � � � ;�xl then D0 also consists of0;�x1; � � � ;�xl so D0 is anOD(14hnm; 14hns1; 14hns2; � � � ; 14hnsl):Corollary 3 If there exist Hadamard matrices of order h and n divisible by4 then there exists an OD(12hn; 14hn; 14hn).Proof. Let D = " x y�y x #in the proof of Theorem 4, where x and y are commuting variables, putm = l = 2 and s1 = s2 = 1 . 9



6 RemarkTheorem 1 cannot be replaced by Corollary 1 because the existence ofHadamard matrices of order h and n does not imply the existence of anHadamard matrix of order 14hn. For example, there exist Hadamard matri-ces of order 4 � 3 and 4 � 71 but no Hadamard matrix of order 4 � 213 hasbeen found [1], however, by Theorem 1, we have a W (4 � 213 ; 2 � 213). Bythe same result, there exists a W (4k; 2k) and a complex Hadamard matrixof order 4k, where k is781 789 917 1315 1349 1441 1633 1703 2059 2227 2489 25152627 2733 3013 3273 3453 3479 3715 4061 4331 4435 4757 47814899 4979 4997 5001 5109 5371 5433 5467 5515 5533 5609 57555767 5793 5893 6009 6059 6177 6209 6333 6377 6497 6539 65756801 6881 6887 6943 7233 7277 7387 7513 7555 7663 7739 78117989 8023 8057 8189 8549 8591 8611 8633 8809 8879 8927 90559097 9167 9557 9563 9573 9659 9727 9753 9757 9869 9913 9991References[1] Condie, L., Seberry, J., and Yamada, M. Table of the existence ofHadamard matrices. Technical Report , University College, The Univer-sity of New South Wales, Australian Defence Force Academy, 1990.[2] Geramita, A. V., and Seberry, J. Orthogonal Designs: QuadraticForms and Hadamard Matrices. Marcel Dekker, New York-Basel, 1979.[3] Seberry, J., and Yamada, M. On the products of Hadamard ma-trices, Williamson matrices and other orthogonal matrices using M-structures. JCMCC 7 (1990), 97{137.[4] Wallis, W. D., Street, A. P., and Wallis, J. S. Combinatorics:Room Squares, sum-free sets, Hadamard Matrices, vol. 292 of LectureNotes in Mathematics. Springer-Verlag, Berlin, Heidelberg, New York,1972.
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