
The Product of Four Hadamard MatricesR. Craigen yJennifer Seberry *andXian-Mo Zhang *Department of Computer ScienceUniversity CollegeUniversity of New South WalesAustralian Defence Force AcademyCanberra, ACT 2600, AUSTRALIAy Department of Pure MathematicsUniversity of WaterlooWaterloo, Ontario, NRL 3G1, CANADAAbstractWe prove that if there exist Hadamard matrices of order 4m, 4n, 4p, 4q then there exists an Hadamardmatrix of order 16mnpq. This improves and extends the known result of Agayan that there exists anHadamard matrix of order 8mn if there exist Hadamard matrices of order 4m and 4n.1 Introduction and Basic De�nitionsA weighing matrix [1] of order n with weight k, denoted W = W (n; k), is a (1;�1; 0) matrix satisfyingWWT = kIn. W (n;n) is an Hadamard matrix.Let M be a matrix of order tm. Then M can be expressed asM = 266664 M11 M12 � � � M1tM21 M22 � � � M2t...Mt1 Mt2 � � � Mtt 377775where Mij is of order m (i; j = 1; 2; � � � ; t). Analogously with Seberry and Yamada [2], we call this a t2block M-structure when M is an orthogonal matrix.To emphasis the block structures, we use the notation M(t), where M(t) = M but in the form of t2blocks, each of which has order m.Let N be a matrix of order tn. Then, writeN(t) = 26664 N11 N12 � � � N1tN21 N22 � � � N2t� � �Nt1 Nt2 � � � Ntt 377751



where Nij is of order n (i; j = 1; 2; � � � ; t).We now de�ne the operation  as the following:M(t)N(t) = 26664 L11 L12 � � � L1tL21 L22 � � � L2t� � �Lt1 Lt2 � � � Ltt 37775where Mij , Nij and Lij are of order of m;n and mn, respectively andLij =Mi1 �N1j +Mi2 �N2j + � � �+Mit �Ntj;i; j = 1; 2; � � � ; t: We call this the strong Kronecker multiplication of two matrices.Lemma 1 Let A and B be the matrices of order tm and tn respectively, consist of 1;�1; 0 satisfyingAAT = pImt and BBT = qInt: Then(A(t)B(t))(A(t) B(t))T = pqItmnProof. This is Corollary 1, [?].The following two Lemmas prove the main result. The proof of Lemma 2 in [?] uses Lemma 1.Lemma 2 If there exist Hadamard matrices of order 4m and 4n then there exist two disjointW (4mn; 2mn),X and Y , satisfying(i) X ^ Y = 0,(ii) X � Y is a (1;�1) matrix,(iii) XY T = XY T .Lemma 3 If there exist Hadamard matrices of order 4p and 4q then there exist two (1;�1) matrices, Sand R of order 4pq, satisfying(i) SST +RRT = 8pqI4pq,(ii) SRT = RST = 0.[?] proves Lemma 2 by using strong Kronecker multiplication. In [?], which proves Lemma 3 and theequivalent of Lemma 2 and Lemma 3, S and R of Lemma 3 are called an orthogonal pair.We now reprove Lemma 3 from Lemma 2. By Lemma 2, there exist two W (4pq; 2pq), X and Y ,satisfying X ^ Y = 0, X � Y is a (1;�1) matrix, XY T = Y XT . Let S = X + Y , R = X � Y . Then bothS and R are (1;�1) matrices of order 4pq. NoteSST + RRT = 2(XXT + Y Y T ) = 8pqI4pqand SRT = XXT � Y Y T = 0:Similarly, RST = 0. So S and R are the required matrices for Lemma 3.2



2 Main ResultTheorem 1 If there exist Hadamard matrices of order 4m, 4n, 4p, 4q then there exists an Hadamardmatrix of order 16mnpq.Proof. By Lemma 2, there exist two W (4mn; 2mn), X and Y , satisfying (i), (ii), (iii) in Lemma 2. ByLemma 3, there exist two (1;�1) matrices S and R of order 4pq satisfying (i) and (ii) in Lemma 3.Let H = X � S + Y �R: Then H is a (1;�1) matrix andHHT = XXT � SST + Y Y T �RRT = 2mnI4mn(SST + RRT )= 2mnI4mn � 8pqI4pq = 16mnpqI16mnpq:Thus H is the required Hadamard matrix.Theorem 1 gives an improvement and extension for the result of Agayan and [?] that if there existHadamard matrices of order 4m and 4n then there exists an Hadamard matrix of order 8mn. Using theresult of Agayan repeatedly on four Hadamard matrices of order 4m, 4n, 4p, 4q, gives an Hadamard matrixof order 32mnpq.References[1] Geramita, A. V., and Seberry, J. Orthogonal Designs: Quadratic Forms and Hadamard Matrices.Marcel Dekker, New York-Basel, 1979.[2] Seberry, J., and Yamada, M. On the products of Hadamard matrices, Williamson matrices andother orthogonal matrices using M-structures. JCMCC 7 (1990), 97{137.
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